Regular isolated black holes 
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We define a family of spacetimes representing isolated black holes exhibiting remarkable universal 
properties which are natural generalizations from stationary spacetime. They admit a well defined 
notion of surface gravity kn- This generalized surface gravity mediates an exponential relation 
between a regular null coordinate w near the horizon and an asymptotic Bondi null coordinate u 
defined in the vicinity of future null infinity. Our construction provides a framework for the study 
of gravitational collapse of an isolated system in its late stage of evolution. 



Black holes are intriguing solutions of classical gen- 
eral relativity describing important aspects of the physics 
of gravitational collapse. Their existence in our nearby 
universe is by now supported by a great amount of ob- 
servational evidence [TH3].When isolated, these systems 
are expected to be simple for late and distant observers. 
The general belief is that, once the initial very dynami- 
cal phase of collapse has passed, the system should settle 
down to a stationary situation completely described by 
the Kerr solution. 

However, general relativity is a global theory. A space- 
time that settles down to a stationary situation is differ- 
ent from a stationary one. The typical collapse is ex- 
pected to be more complicated with incoming and out- 
going radiation, and possible matter accretion. This will 
produce a space time that only asymptotically resem- 
bles a stationary black hole. In this work we introduce 
a framework to study black holes in their late stage of 
dynamical evolution once all the matter has fallen into 
the black hole but still taking into account incoming and 
outgoing radiation. 

Our analysis is based on the assumption that the null 
surfaces associated to suitably chosen (inertial) retarded 
time u at future null infinity define a smooth null folia- 
tion in the vicinity of the black hole event horizon. More 
precisely, there is a null physical coordinate w{u) (unique 
up to scaling) that can be used to describe fields in the 
vicinity of the horizon. The above assumption, made pre- 
cise in what follows, characterizes the spacetimes studied 
in this letter which are referred to as isolated black holes 
(IBH). 

For IBHs the following remarkable properties hold. 

1. There is an exponential relationship between the 
null function w and a preferred retarded time u 
function. 

2. There exists a geometrically defined smooth vector 
field that is null both at the horizon H and at future 
null infinity. 

3. There is a generalized notion of surface gravity 
which is constant on H . 

There has been other approaches to this problem 
both at a global and local level. In 1967 Pajerski and 
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FIG. 1. An isolated black hole spacetime. In a vicinity of 
the null surfaces of constant retarded time u are smooth all the 
way up to the event horizon for IBHs. 

Newman^!] proposed a formulation based on the spin co- 
efficient formalism to generalize the Schwarzschild black 
hole solution. However, an assumption on the vanish- 
ing of a spin coefficient turned out to be too restrictive. 
More recently, Ashtekar and collaborators 'S] gave a local 
definition of the so-called isolated horizons which, as in 
the stationary case, assumes the vanishing of the shear 
and divergence on the null surface. This definition is also 
restrictive in the sense that it implies no incoming radia- 
tion to the surface. The framework presented here aims 
at overcoming these difficulties. 

The setup 

Consider (^, gab) an asymptotically flat spacetime at 
future null infinity containing a black hole. Its confor- 
mal diagram is depicted in Figure [ij In the past of an 
open set of future null infinity (J^" — defined by those 
points for which their Bondij retarded time u is in the 
range u £ (uq, oo) — we require the existence of a regular 



A Bondi retarded time u is such that the sections u=constant at 
(referred to as Bondi cuts) have an intrinsic metric given by 
(minus) the metric of the unit sphere. 
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null function w{u) such that: w = at the horizon H, 
and w < in the region of interest. Clearly there is a 
large freedom in selecting the function w{u) if the only 
requirement is to satisfy the above condition. In what 
follows we completely reduce this freedom by selecting 
a unique (up to constant scaling) null function w^u) us- 
ing the available structure at We can now list the 
ingredients of our construction. 

1. (^,5afc) is an asymptotically flat spacetime at fu- 
ture null infinity containing a black hole, assumed 
to be vacuum in the vicinity of The topology of 
the BH event horizon H is assumed to be 5*^ x M 
in that region. 

2. We assume the existence of a null function u in 
the asymptotic region such that the cuts at 

are Bondi. We introduce the one form £a = {du)a, 
then the vector field defines a null geodesic con- 
gruence. It is therefore natural to introduce the 
afhne function r through £ = 

3. In a space-time satisfying the previous conditions 
there is a three parameter family of Bondi systems 
such that the leading order behaviour of the shear 
of the congruence defined by £ vanishes in the limit 
M — )> cxD. We completely eliminate this freedom 
by requiring that the cuts u ^constant asymptoti- 
cally coincide with the center of mass [3in the same 
regime. 

4. The functions (w, r) can be used as coordinate func- 
tions in the region in which the null congruence £ 
does not show caustics. The asymptotically flat 
region is reached in the limit r — > oo. The ori- 
gin of this afhne parameter is chosen so that r 
asymptotically coincides with the luminosity dis- 
tance (i.e. the expansion of the null congruence £ 
goes as + ff{r''^)). 

5. There exists a smooth null function w — w{u) such 
that 

(a) w = at the horizon H. 

(c) w < for all u. 

(d) lim w — 0. 



^ Notice that in an asymptotically flat spacetime the Bondi flux 
of gravitational radiation must go to zero as « — oo. Although 
the notion of angular momentum and center of mass in gen- 
eral relativity are very complex [gl [7] , the situation drastically 
simplifies when the radiation vanishes. In fact, total angular mo- 
mentum behaves just as in special relativity under translations 
jab _^ jab _,_ plaxb]- therefore, one can eliminate the transla- 
tional freedom by placing the origin of the reference frame on the 
center of mass world line. Analogously, this corresponds to the 
selection of the center of mass sections at J^^ 



6. We define the one form £a = {dw)a, then, the 
geodesic vector field £'^ is also tangent to the null 
congruence defined in point 2. It is therefore nat- 
ural to introduce the affine function y through 

ay 

7. The functions {w, y) can be used as coordinate 
functions in the region where the null congruence £ 
does no show caustics. 

8. Given the functions (u, r) one can choose the affine 
parameter y, for each null geodesic, so that the 2- 
surfaces 7i=const., r=const. coincide with the 2- 
surfaces ly^const., y=const. This implies the fol- 
lowing relationship between r and y: 

r — wy + ro(z«). (1) 

One then completes a coordinate system by choos- 
ing angular sphere-coordinates (0, 0) or stereo- 
graphic sphere-coordinates {CO- 

9. In the exterior of the BH there is clearly a smooth 
relationship between the pairs (u, r) and {w, y). We 
assume that r is a smooth function of (w, y) all the 
way up to the horizon. 

Let us observe that from the null vector fields and 
one can construct null tetrads {£"' , m°' , fh"" , n"') , and 
{£'^ , rh°- ~rn°' , n°') adapted to the geometry of the coor- 
dinate system introduced above|^ The freedom in this 
choice is reduced by choosing the vectors m° = m° and 
tangent to the topological 2-spheres {w^y) = constant = 
{u,r). 

From w ~ w{u) it follows that dw — wdu which im- 
plies the following relation between the two tetrads 

£" = w r, n°- = -n^ to" = to''. (2) 
w 

If we denote the five (complex) Weyl tensor null tetrad 
components[5] ^ ^ and ^ ^ for A'' e {0, 1, 2, 3, 4} in each 
of the respective tetrads, then we get the following rela- 
tions 

^^^w^^-^)^^. (3) 

Before proceeding further we would like to give a moti- 
vation for assumption [9j From the previous relation one 

has 

■^^{w,y,x'^) = ^^{u{w),r{w,y),x% (4) 

where {x^) denotes angular coordinates. Therefore, since 
the left hand side is a regular expression in terms of the 
coordinate w, it is natural for r to be a regular function 
of w as it was assumed in [9l 



^ With the usual normalization 1 = l°'n^ = —m"-fh^ and 1 = 
£°'fia = —m°'m,a with all other respective scalar products being 
zero. 
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Consequences 



Evaluating the previous equation at 1/7 = one obtains 



The first consequence of the regularity property is that 
the limit rn = ^™^w^oT{w,y) exists. Another conse- 
quence is that 'w{w) and ro(w), as defined in equation 
([!]), are regular functions of w. Moreover, we have 



w{u) = I w{u')du' 



w(0) = lim w(u) = 0. 



It then follows from ([T]) that 

th — constant. 



(5) 



(6) 



This allows to define th as the radius of the isolated 
black hole. Since by assumption w{'w) admits a Taylor 
expansion around = we can write. 



aw 



(7) 



Assuming that a ^ the above equation can be inte- 
grated giving the important relation 



w(m) = — cxp {a{u — uq)) + ^(exp (2au)) 



(8) 



where exp(— auo) is the rescaling freedom mentioned pre- 
viously associated with the choice of origin for the Bondi 
retarded time u. Note also that in order to satisfy ([5| 
one has a < 0. 

A natural question arises: is it possible to get more 
information concerning the nature of the coefficient a? 
Next we show that a has a clear geometrical meaning. 
We start from the vector field 



X 



d_ 
du' 



(9) 



The vector field x has several useful properties: 



1. It is a smooth vector field that is a null geodesic 
generator at As w is a Bondi coordinate it 
generates inertial time translations at future null 
infinity. 

2. It is a null geodesic generator of the horizon H. 

3. At the horizon H, x satisfies the equation, 

x'-Vax' ^ kHx'; 

where kn is a generalized surface gravity. 



4. 



kn — const. 



(10) 



The previous statements follow from expressing x 
terms of the regular coordinates {w, y, (, (), namely 



d 



dr d 



X^w 



dw dw dy 



d_ 
dw 



iay + p)^ + ^{w'). (11) 
aw oy 



ay 



drp 
dw 



d_ 
dy' 



(12) 



Eq. (12 1 implies properties 2 to 4. 

In this way, the class of spacetimes considered here 
admits a notion of surface gravity which coincides with 
the usual one in cases when the spacetime is stationary, 
e.g. a member of the Kerr family. Note that if we had 
taken a = above, one would have obtained fc/j = 0. 
This case corresponds to the especial cases involving (in 
particular) the stationary extremal black holes. 

With this definition of surface gravity, the relation be- 
tween the null coordinate w and the Bondi retarded time 
u reads 



w 



exp {-kniu - uq)) + i^(exp {-2kHu)) ; (13) 



which we recognize as the generalization of the smooth 
Kruskal coordinate transformation that can be found in 
Schwarzschild and Kerr geometries. 

Finally, we want to address the issue of characteristic 
data in our framework; which is ^Q{y,0,(j)) at H and 
^4(1(7,6', 0) at J^~^. At the horizon H one has to choose 
'I'o going to zero as y — >■ cxi. A necessary condition for 
this behaviour is that goes to zero at least as 0{l/y^). 
This comes from the requirement that the area of the 
sections ?/=constant must go to a finite value when y — 
00. At future null infinity a physical condition is that the 
radiation field ^'4 must go to zero as m — >■ (X). 

However, our characteristic data \l/4 could be un- 
bounded as w — >■ 0; since it can be shown that it is 
related to the radiation field via VPij = ^4/w^. This is 
the case for radiation fields predicted in studies of grav- 
itational collapse in perturbation theory where V^Sj has 
a power-law fall-off behaviour as u — 00 j^]. It might 
appear that such unbounded data could invalidate some 
of the assumptions in the definition of an IBH. Neverthe- 
less, just from the physical condition that ^'4 vanishes as 
M — >■ 00, one can prove that the null geodesic congruence 
used in our construction is caustic free in the region of 
interest. Therefore, the power law fall-off behaviour for 
the characteristic data expected in gravitational collapse 
is admitted in our framework. 



Summary and final comments 

In this work we have introduced a framework to study 
black holes in their late stage of dynamical evolution, that 
is, after all matter has fallen into the BH but still taking 
into account both incoming and outgoing radiation. Our 
framework is sufficiently general to include physically in- 
teresting collapsing scenarios. The construction of two 
related geometrical null coordinate systems adapted to 
the available structure, plus mild regularity conditions 
at the horizon lead to novel results: physical coordinates 
(and associated null tetrads) to study the field equations 
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in the late phase of collapse, a generalized surface gravity 
which is constant (zeroth law of black hole mechanics), 
the correct exponential behaviour between w and u (me- 
diated by the surface gravity) which should be relevant 
for the study of Hawking BH radiation. 



In future work we will explicitly analyze the Einstein 
field equations near the horizon iJ, expecting to obtain 
more dynamical information describing the late phase of 
gravitational collapse. 
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